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Abstract 
We show that every quasi-metric space is isomorphic to a subspace of the hyperspace of 
a suitable metric space, endowed with the Hausdorff quasi-metric. Therefore a topological 
space is quasi-metrizable if and only if it can be embedded in a Hausdorff quasi-metric 
hyperspace. 
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1. Introduction 
It is well known that a T,-topological space is quasi-metrizable if and only if it 
admits a quasi-uniformity with a countable base [4], but the problem of finding a 
purely topological characterization of quasi-metrizability [2, Problem 01 has been 
open for long time. An answer has recently been given in [6], which is based on a 
result of [3] regarding bi-topological spaces. Nevertheless, many authors still think 
that the quasi-metrization problem has not yet been satisfactorily solved. 
In this paper we show that there is a tight connection between quasi-metric 
spaces and hyperspaces and, in some sense, the latter ones can be taken as a 
model for the former. 
It is reasonable to hope that this connection will clarify the nature of both the 
quasi-metric space and hyperspace structures. 
2. Basic concepts 
Let S be a set. A quasi-metric on S is a function q : S x S + [0, + w[ such that: 
(1) tlx ES, q(x, x) = 0; 
(2) vx, Y, 2 ES, q(x, z> < q(x, Y> + q(y, 2); 
(3) Vx, y E S, ifq(x, y> = q(y, x) = 0 then x = y. 
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An extended quasi-metric is like a quasi-metric, except that it can take the value 
+03. By (extended) quasi-metric space we mean a pair (S, q) where S is a set and q 
is a quasi-metric (respectively an extended quasi-metric) on S. The set S can be 
endowed with the topology Y(q) induced by q, defined as follows: a subset A of S 
is S(q)-open if and only if for every x EA there exists E > 0 such that the set 
B,(x, &) ‘{Y ESk(-G Y) <E) 
is contained in A. When q is understood or immaterial it is usual to denote simply 
by S the quasi-metric space (S, q> or even the topological space (S, Y(q)). 
We follow [7] rather than [2] for the definition of quasi-metric: this seems to be 
modern usage, and moreover it is adequate to the purpose of this paper. With our 
definition, a quasi-metric space must be T,, because of (3), but not necessarily T,. 
A quasi-metric q on S is a metric, and (S, q) is a metric space, if and only if 
(4) vx, y ES, 9(x, Y> = q(y, XI. 
Denote by (X, d) a metric space and by F?a(X, d), or briefly @a(X), the 
collection of all nonempty closed subsets of X. Given A, B E %YO(X>, put 
e,(A, B) = sup d(a, B), 
ClEA 
where d(a, B) = inf, ~ B d(a, b): it is easily seen that ed : go(X) X go(X) + [O, + ~1 
satisfies (l), (2) and (3)-in fact e,(A, B) = 0 if and only if A c B-and therefore 
it is an extended quasi-metric, but it is not a quasi-metric unless the space (X, d) 
is bounded. Nevertheless, it will be referred to as the Huusdorff quasi-metric on 
@a(X) (see [5, Ch. 41 where the term “hemimetric” is used instead of (extended) 
quasi-metric). 
The extended quasi-metric space (ZFJX, d), e,), denoted simply by %Y,JX, d), is 
called the hyperspace of (X, d). 
The aim of this paper is to show that hyperspaces are somewhat universal 
quasi-metric spaces: every quasi-metric space (S, q) is (isomorphic to) a subspace 
of g,&X, d), for suitable X and d. 
3. The theorem 
Let q be a quasi-metric on a set S. We may associate to q, m a canonical way, a 
metric q * defined as follows: 
Vx, Y ES, 9*(x, Y) =max{q(x, Y), 9(y, x)). 
It is routine to check that q * is indeed a metric, whose induced topology is finer 
than Y(q): for example this construction, when applied to the Hausdorff quasi- 
metric, yields the Hausdorff metric (see e.g. [l, 011 or [5, Definition 4.1.51). 
Lemma. Let (S, q) be a quasi-metric space. For every z E S, the set 
~(z)=[(Y,77)ESX[O,+-m[Iq(Y,z)>17) 
is open in the topological product S X [O, + m[. 
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Proof. Let z E S and let (x, 5) E I(z). We have 9(x, z) > .$ and hence there exists 
B > 0 such that 4(x, z) > 5 + 2~. Take I/= B&x, 8) X 15 - E, 5 + E[, so that V is an 
open neighbourhood of (x, 5) in the product S X [O,+ 4. We show that Vcl(z). 
Indeed let (y, 7) E I/; then q(x, y) < E and rl < 6 + E whence 
4(Y,z)>q(Y,z)+q(x,Y)-&~q(x,z)-&>5+&>77 
and therefore (y, 7) E Z(z). 0 
Theorem. Let (S, q) be a quasi-metric space. There exists a metric space (X, d) such 
that (S, q) is isomorphic to a subspace of the hyperspace 5F0(X, d). 
Proof. Let X be the set S X 10, + 4 and for every (s, a), (t, P) E X let 
d((s, LY), (t, P)) =q*(s, t) + la-P/. 
Then d is a metric on X, and Y(d) is finer than the product topology of the space 
S x [0, + co[. The previous lemma implies that, for every z E S, the set 
E(z) = {(Y, 77) EXl4Y> z) G77j 
is closed in (X, d); note, further, that E(z) is always nonempty, as (z, 0) E E(Z). 
Therefore the assignment z I--) E(z) defines a mapping E of S into S!?JX, d). 
Moreover E is one-to-one: indeed if E(s) cE(t) then (s, 0) E E(t), whence 
q(s, t) = 0 and the conclusion follows from (3). It remains to prove that q(s, t> = 
e,(E(s>, E(t)) for every s, t E S. 
So, let s, t E S. We may also assume that E(s) C E(t). First observe that, for 
every (x, 5) E E(s) and every (y, ~1 E E(t), 
q(x, t) -5<4(x, Y) +q(y, t) -5<:9(x, Y) +rl-5 
<4*(x, Y) + It-v1 =4(x, CT), (Y, n)), 
whence 
4(x, t> -t<d((x, 6), E(t)) Gcd(E(s), E(t)); (*) 
on the other hand, if (x, 5) 66 E(t), i.e., q(x, t> > 5, since (x, q(x, t>> E E(t), we 
have 
d((x, 8), E(t)) <d((x, 0, (x, q(x> t))) = 14x9 t) -51 =q(x, t) -5; 
consequently d((x, (1, E(t)) = q(x, t) - 5. 
Now q(x, s) G 5; hence d((x, 5), E(t)) = q(x, t) -8 =G q(x, s> + q(s, t> - 5 c 
q(s, t> and it follows that e,(E(s>, E(t)) < q(s, t). Finally, if we put x = s and 
5 = 0 in (*) we get q(s, t) G e,(E(s), E(t)); this completes the proof. q 
Recall that a topological space (S, 7) is said to be quasi-metrizable [2, §1.5] if 
there exists a quasi-metric q on S such that r = 7(q). 
Corollary. A topological space (S, T) is quasi-metrizable if and only if it admits a 
topological embedding into a hyperspace. 
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Proof. If a topological space is quasi-metrizable, then it can be embedded in a 
hyperspace as a consequence of the theorem. Conversely suppose that there exists 
a topological embedding F of the space (S, 7) into the hyperspace %?a(X, d). Then 
r = ed 0 F is an extended quasi-metric on S such that T = Y(LJ); now letting 
4(.x, y) = min{l, r(x, y)} for every x, y E S defines a quasi-metric on S such that 
9Tq)=9Tr)=7. 0 
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